I nductance and Alternating Current Circuits

| 1 — Self-inductance |

e Consider a circuit consisting of a switch, a resistor, and an emf.

-

e When the switch is closed, the current does not change immediately
from zero to its maximum value e/ R but only increases gradually.

e As the current increases with time, so does the magnetic flux through
the loop (which is due to the current in the loop).
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e Lenz’s law = the induced emf in the loop is opposite to the direction
of the current. The opposing emf results in only a gradual increase of
the current.

e This effect, i.e. that a changing current induces an emf in the same
circuit, is called self-inductance.

e For the same reason, if the switch is opened, the current only gradually
decreases to zero.

e Faraday’s law: ¢ = —N 52
The magnetic flux is proportional to the magnetic field, which is pro-
portional to the current in the circuit.
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e Thus, the self-induced emf is proportional to the time rate of change
of the current:

e=—L— (1)

L is called the inductance of the device. The Sl unit of inductance is
thehenry(H):1H=1V-s/A

e Relation between self-inductance and magnetic flux: N 32 = L 21

e The emf induced by an inductor prevents a battery from establishing
a current in a circuit instantaneously. The battery has to do work to
produce a current. The energy stored by an inductor is

‘ Energy = % LI? I (3)
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4 |2 — Mutual Inductancel

The effect that a changing current in one circuit (=primary circuit) induces
an emf in another circuit (=secondary circuit) is called mutual inductance.

Voltmeter
Faraday’s law: e, = — N, 2Zs

The magnetic flux in the secondary circuit, @,
Is proportional to the alternating magnetic field, AC generator
which is proportional to the alternating .
current in the primary circuit:

e MIJp. ‘Primary VSecon'dar.y B "
i i . il il \
M is called the mutual inductance of the device. «!

Thus, the emf due to mutual inductance is proportional to the time rate of
change of the primary current:

E€s = —M — (4)
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(" | 3 — Transformers |

Switch

Z l __O_L
---’
/// - Secondary coil

(N turns)

N Primary coil
7 (Np turns)

Transformer symbol

+
Ac generator (*

Magnetic field lines

Transformers are used to increase or decrease an AC voltage through self-
inductance and mutual inductance: Alternating current (AC voltage) =
changing magnetic flux in both coils, A®/At, = emf is induced in the
primary coil due to self inductance and in the secondary coil due to mutual
inductance: e, = —N,A®/At and e, = —N,AP/At. Assuming the
resistances in the coils are negligible, we find

)

Vs.p: Voltage across (secondary,primary) coil.
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4 |4 — Inductors in an AC Circuit|

An inductor

e is a device that operates on the basis of Faraday’s law of electromag-
netic induction,

e it develops a voltage that opposes a change in the current.
Consider a circuit consisting of an inductor and an AC generator:

e The changing current output of the generator produces an induced emf

in the inductor of magnitude
AT
S
v At

e The effective resistance of an inductor in an AC circuit is measured by
the inductive reactance, Xy, defined by

X =2n fLI (6)
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e The analog of Ohm’s law for the average voltage across an inductor
IS:

‘/rms - IrmsXL (7)

e When a sinusoidal voltage is applied across an inductor,
V = Vpsin(2x ft), the voltage reaches its maximum value, V5, one
quarter of a cycle before the current reaches its maximum.

| The current lags behind the voltage by 90° I
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Phasor s and Phasor s Diagrams:

The voltage across each element in a circuit can be represented by a rotat-
ing vector.

The rotating vectors are called phasors; the diagram is called a phasor
diagram. The diagram represents the voltage given by the expression

V = Vosin(2n ft + ¢)

with ¢ being the phase angle between the voltage and the current.
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Phasor diagram for an inductor in an AC circuit:

L
5000

Vo sin 2nft

\Zﬂ.‘ﬁ

Vo
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| 5 — Capacitors in an AC Circuitl

Consider a circuit consisting of a capacitor and an AC generator

e The voltage reaches its maximum value one quarter of a cycle after
the current reaches its maximum. It is common to say:

The current leadsthe voltage by 90° I

(6
|
1

Vo sin 2xft

Voltage
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e The impeding effect of a capacitor on the current in an AC circuit is
expressed in terms of a factor called the capacitive reactance, X,
defined as

1
Xo = 21 fC

(8)

e A DC source can be considered an AC source with f = 0. For f = 0,
Xc = oo and the current is zero.

e Analog form of Ohm’s law for a capacitor in an AC (!) circuit:

‘/rms - IrmsXC (9)
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4 | 6 — The RLC Series Circuitl

Now consider a circuit containing a resistor, an inductor, and a capacitor
connected in series across an AC generator:
R G

YW\ i 01 GLO]/’\—‘

Vo sin 2xfi
The (instantaneous) current varies with time according to I = Iy sin(2 ft).
The instantaneous voltages across the three elements have the following
phase relations to the instantaneous current:
1. The instantaneous voltage across the resistor, Vg, is in phase with the
instantaneous current.
2. The instantaneous voltage across the inductor, V7, leads the current
by 90°.
3. The instantaneous voltage across the capacitor, V¢, lags behind the
current by 90°.
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The net instantaneous voltage, V, across all three elements is the sum of
the three individual instantaneous voltages: V = Vg + Vo + VL.

R (4 L
I [
The total peak (or average) voltage AW A——00
can be found using the phasor diagram as: " . ke
Vo = \/VI% + (VL — Ve)? Vos;i\nJZIrﬁ
L

The phase angle is given by: Ve
tan® = _VL‘;RVC N IO\

90°

Ve

Note: All voltages are peak voltages. But the same expression applies to
average voltages, since Vyms = Vo/vV2, Irms = Io/V/2.
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In the following all voltages are average voltages:

Inserting Vg = Ims R, VL, = Ims X and Vo = I s X o We find:

Vima = \/VA + (Vi = V2)? = Lima V2 + (X1, — Xc)?

Defining the impedance, Z by

Z =+/R2+ (X — X¢)2 (10)

we find the analog of Ohm’s law for an RLC circuit

‘/'r'ms - I’r‘msZ (11)
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| 7 —Power in an AC Circuitl

The only element in an RLC circuit which dissipates energy is the resistor.
The average power lost in a resistor is

P=I> R=1I1,,.:Vg

™rms

Vr can be expressed in terms of the voltage of the source and the phase
angle:
Vr = Vims cos @

Hence the average power dissipated in an AC circuit is

P = 1I,1,sVims cos D (12)
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4 |8 — Resonance in a Series RLC Circuitl

The average current in a series RLC circuit can be written as

Vims . Vims
Z \/Rz-l—(XL—Xc)Z

IT‘mS -

The current has its maximum when Z is at a minimum. This happens for
Xc = X. If this condition is satisfied, Z = R. The frequency f = fj at
which it happens is called the resonance frequency of the circuit. From
Xc = X at f = foone finds
1
27 foC

Solve for the resonance frequency fy:

27Tf0L =

1

o= o Tic

(13)
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